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Quantum nonlocality has recently been intensively studied in connection to device-independent
quantum information processing, where the extremal points of the set of quantum correlations play
a crucial role through self-testing. In most protocols, the proofs for self-testing rely on the maximal
violation of the Bell inequalities, but there is another known proof based on the geometry of state
vectors for self-testing a maximally entangled state. We extend the geometrical proof to the case of
partially entangled states. We show that, when a set of correlators in the simplest Bell scenario sat-
isfies a condition, the geometry of the state vectors is uniquely determined. However, the realization
becomes self-testable only when another unitary observable exists on the geometry. Applying this
result, we propose self-testing protocols by intentionally adding one more measurement. This geo-
metrical scheme for self-testing is superior in that, by using this as a building block and repeatedly
adding measurements, a realization with an arbitrary number of measurements can be self-tested.
Besides the application, we also attempt to describe nonlocal correlations by guessing probabilities
of distant measurement outcomes. In this description, the quantum set is also convex, and a large
class of extremal points is identified by the uniqueness of the geometry.
I. INTRODUCTION
It was shown by Bell that the nonlocal correlations pre-
dicted by quantum mechanics are inconsistent with local
realism [1]. Bell nonlocality, or quantum nonlocality, has
attracted many research interests over the years (see [2]
for a review). Recently, it has been intensively studied in
connection to device-independent quantum information
processing (see [3, 4] for reviews), where the extremal
points of the convex set of quantum correlations plays a
crucial role through self-testing.
The correlation that attains the maximal quantum vi-
olation of 2
√
2 [5] in the Clauser-Horne-Shimony-Holt
(CHSH) inequality [6] is an extremal point of the quan-
tum set, for which the quantum realization (state and
measurements) is unique up to unavoidable local isom-
etry. This implies that attaining the value of 2
√
2 can
self-test the state and the measurements in the Bell ex-
periment [7]. When a realization is a unique maximizer
of a Bell inequality, it is self-testable, and the correlation
is extremal. Moreover, a correlation is extremal when the
realization is self-testable [8]. In this way, self-testability
and extremality are intimately connected. In most pro-
tocols, the proofs for self-testing rely on the maximal
violation of the Bell inequalities. However, even in the
simplest Bell scenario (two parties and two binary mea-
surements on each party), the maximal violation by a
partially entangled state is known for only a few Bell in-
equalities [9–13], and not many protocols are proposed
for self-testing partially entangled states [14–18].
On the other hand, the proof for self-testing in [19] is
fascinating, because no Bell inequality is used directly. In
the simplest Bell scenario, when marginal probabilities
of outcomes are unbiased, the boundaries of the quan-
tum set are identified by the Tsirelson-Landau-Masanes
(TLM) criterion [20–22]. The proof in [19] relies on the
fact that the geometry of the state vectors is uniquely
determined when the TLM criterion is satisfied (and the
anti-commutation relation between observables is proved
on the geometry). However, this geometrical proof is re-
stricted to the case of a maximally entangled state by
the restriction of the TLM criterion. In a general case,
where an extremal correlation may be realized by a par-
tially entangled state, the criterion for the identification
has been only conjectured, based on the probabilities of
guessing outcomes of a distant party (referred as “guess-
ing probability” hereafter) [23].
In this paper, we extend the geometrical proof to the
case of partially entangled states. We show that, when a
set of correlators in the simplest Bell scenario satisfies a
condition, the geometry of state vectors is uniquely de-
termined. However, the realization becomes self-testable
only when the optimal observables for guessing proba-
bilities can be used to prove anti-commutation relation.
Applying this result, we propose self-testing protocols by
intentionally adding one more measurement to prove the
anti-commutation relation. This geometrical scheme for
self-testing is superior in that, by using this as a building
block and repeatedly adding measurements, a realization
with an arbitrary number of measurements can be self-
tested.
Beside applications, efforts have been made to describe
the quantum set having a complicated structure [8, 24–
27] in a more tractable way; some descriptions exist such
as covariance [28] and entropy [29]. For this purpose,
we attempt to describe nonlocal correlations by guess-
ing probabilities. We show that the quantum realizable
set is also convex in this description, and a large class of
extremal points is identified by the uniqueness of the ge-
ometry of state vectors. Moreover, with the help of this
extremality, we show that the sufficiency of the extremal
criterion conjectured in [23] can be reduced to certifiabil-
2ity of guessing probabilities.
This paper is organized as follows: In Sec. II, we briefly
summarize the preliminaries. For details, see [2–4] and
the references therein. For clarity, we first introduce the
description of correlations by guessing probabilities in
Sec. III, and discuss the properties of the quantum set,
such as the extremality and self-testability. In Sec. IV,
we investigate the properties in the standard description
of correlations, in connection to the extremal criterion
conjectured in [23]. Finally, as an application, we pro-
pose self-testing protocols for partially entangled states
in Sec. V. A summary is given in Sec. VI.
II. PRELIMINARIES
Throughout this paper, we consider the simplest Bell
scenario, where Alice (Bob) performs one of two bi-
nary measurements on a shared state depending on a
given random bit x (y), and obtains an outcome a=±1
(b = ±1). The properties of a nonlocal correlation are
described by a set of conditional probabilities {p(ab|xy)}
referred as a “behavior”, which specifies a point in the
probability space. As p(ab|xy)= 14 [1+aCAx +bCBy +abCxy]
for no-signaling correlations, with CAx (C
B
y ) being a bias
of the marginal p(a|x) [p(b|y)], any no-signaling corre-
lation can be described by a behavior {CAx , CBy , Cxy}.
Such a behavior specifies a point in the 8-dimensional
no-signaling space, which we denote by the C-space.
A behavior {CAx , CBy , Cxy} is realized by quantum me-
chanics, if and only if there exist a shared quantum state
|ψ〉 and the observables Ax (By) of Alice (Bob), such
that A2x =B
2
y = I, C
A
x = 〈ψ|Ax|ψ〉, CBy = 〈ψ|By|ψ〉, and
Cxy = 〈ψ|AxBy|ψ〉. We use 〈· · · 〉 as the abbreviation
of 〈ψ| · · · |ψ〉. Any state vector has a real-vector repre-
sentation [20, 30, 31]. For example, when |ψ〉 is repre-
sented by components as |ψ〉= (c0, c1, · · · ) with ci ∈ C,
~ψ = (Re c0, Im c0,Re c1, Im c1, · · · ) is a real-vector rep-
resentation.
The realizable behaviors constitute a convex set in the
C-space, denoted by QC . In the unbiased case where
CAx = C
B
y = 0, a behavior belongs to QC , if and only if
the TLM inequality [20–22]
|C˜00C˜01 − C˜10C˜11|≤
√
(1 − C˜200)(1 − C˜201)
+
√
(1− C˜210)(1− C˜211), (1)
is satisfied for C˜xy=Cxy [together with p(ab|xy)≥0].
Using the correlators of a behavior {CAx , CBy , Cxy}, let
us introduce the quantities S±xy given by
S±xy ≡
1
2
[
Jxy ±
√
J2xy − 4K2xy
]
,
Jxy ≡ C2xy − (CAx )2 − (CBy )2 + 1,
Kxy ≡ Cxy − CAx CBy . (2)
Suppose that the following holds for a set {pxy}
Sp0000 = S
p01
01 = S
p10
10 = S
p11
11 ,
H ≡
∏
xy
[(1− Spxyxy )Cxy − CAx CBy ] ≥ 0, (3)
where pxy is either ’+’ or ’−’. Letting the value of Spxyxy
be equal to sin2 2χ, we also introduce the following:
dBx ≡ (CAx )2 + sin2 2χ, dAy ≡ (CBy )2 + sin2 2χ. (4)
Then, to identify the nonlocal extremal points of QC , the
following criterion has been conjectured in [23].
Conjecture 1. A nonlocal behavior {CAx , CBy , Cxy} is
an extremal point of QC, if and only if Eq. (3) holds as
S+00 = S
+
01 = S
+
10 = S
+
11, and Eq. (1) is saturated for both
scaled correlators C˜xy=Cxy/
√
dBx and C˜xy=Cxy/
√
dAy .
Note that the fulfillment of Eq. (3) is necessary and
sufficient for the existence of a two-qubit realization in
the form of (there is no σ2 term)
Ax=sin θ
A
x σ1 + cos θ
A
x σ3, By = sin θ
B
y σ1 + cos θ
B
y σ3,
|ψ〉=cosχ|00〉+ sinχ|11〉, (5)
where (σ1, σ2, σ3) are the Pauli matrices, and hence also
necessary for the extremality ofQC (see the supplemental
material of [23]). Note further that the definition of θAx
and θBy are changed from [23, 32, 33] for convenience
(θAx → π/2−θAx and θBy → π/2−θBy ).
Moreover, for a given {CAx , CBy , Cxy}, the quantity D2
(explained later) has a device-independent upper bound,
which is obtained by the 1+AB level of the Navascue´s-
Pironio-Ac´ın (NPA) hierarchy [34, 35], and the following
is also implicitly conjectured in [23].
Conjecture 2. When a nonlocal behavior {CAx , CBy ,
Cxy} satisfies the conditions of Conjecture 1, dBx and dAy
coincide with the device-independent upper bound of D2.
III. QUANTUM SET IN D-SPACE
As mentioned, CAx is the bias of p(a|x), but it is also
the bias of Bob’s optimal probability of guessing Alice’s
outcome a, without the use of any side information. In
the nonlocality scenario, however, Bob generally has a
half of a shared state; the local state ρa|x (conditioned
on Alice’s outcome a), and by the use of it the guess-
ing probability is increased. Therefore, it seems another
natural way of describing nonlocal correlations to use the
guessing probabilities optimized under ρa|x. For this pur-
pose, we focus on the quantities introduced in [32, 33]
DBx ≡ max
〈X2
B
〉=1
〈AxXB〉, DAy ≡ max
〈X2
A
〉=1
〈XABy〉, (6)
where the maximization is taken over any Hermite op-
erator XB (XA) on Bob’s (Alice’s) side. Indeed, D
B
x is
equal to the bias of Bob’s optimal guessing probability,
3when ρ1|x and ρ−1|x are both pure states [32, 33]. For
simplicity, we denote the set of {(DBx )2, (DAy )2} by D2.
Let us then describe a correlation by a behavior
{δBx , δAy , Cxy}, which is realized by quantum mechanics,
if and only if there exist |ψ〉 and A2x = B2y = I, such
that δBx = (D
B
x )
2, δAy = (D
A
y )
2, and Cxy = 〈ψ|AxBy|ψ〉.
The reason for taking the square of DBx and D
A
y will be-
come clear soon. Such a behavior specifies a point in an
8-dimensional space, which we denote by the D-space.
Note that the behaviors in the C-space and the D-space
have no one-to-one correspondence. For example, the
completely random correlation is uniquely represented
by {CAx = 0, CBy = 0, Cxy = 0} in the C-space but rep-
resented in the D-space by {δBx = 0, δAy = 0, Cxy = 0}
and {δBx =1, δAy =1, Cxy=0}. The former is realized by
Ax=By = σ1 on |ψ〉= |00〉, and the latter is realized by
Ax= σ1, By= σ3 on |ψ〉=(|00〉+ |11〉)/
√
2.
Now, let us investigate the properties of the behaviors
in the D-space. When the behaviors pi are realized by
quantum mechanics, there always exists a realization of
the behavior p=
∑
i λipi (λi≥0 and
∑
i λi=1). This is
because, although D2 is convex in general such that
D2(p) ≤
∑
i
λiD
2(pi), (7)
as shown in Appendix A, the equality holds when each
local state of the realization of pi has orthogonal support,
and hence,
Lemma 1. The behaviors {δBx , δAy , Cxy}, which are
realized by quantum mechanics, constitute a convex set.
The set, denoted by QD, is then enclosed by, at least,
the following (quantum) Bell inequalities in the D-space:
BB≡−
∑
x
V Bx δ
B
x +
∑
xy
V BxyCxy ≤
1
4qB
, (8)
BA≡−
∑
y
V Ay δ
A
y +
∑
xy
V AyxCxy ≤
1
4qA
, (9)
where the coefficients satisfy V cx ≥ 0,
∏
xy V
c
xy ≤ 0, and
V c1 V
c
00V
c
01=−V c0 V c10V c11 for both c=A,B. Note that V B01
is the coefficient of C01, but V
A
01 is the coefficient of C10.
The quantum bound of the inequalities is given by
qc=
V c0
(sc0)
2
=
V c1
(sc1)
2
, sc0≡
√
λc
V c10V
c
11
, sc1≡
√
−λc
V c01V
c
00
,
λc≡V c10V c11[(V c00)2+(V c01)2]− V c00V c01[(V c10)2+(V c11)2].(10)
This is due to the cryptographic quantum bound shown
in [32]. Indeed, uBxy=(−1)xyV Bxy/sBx fulfills
∑
xy(u
B
xy)
2=
1 and uB00u
B
01=u
B
10u
B
11; hence any realization obeys
BB=−qB
∑
x
(sBxD
B
x )
2+
∑
xy
sBx u
B
xy(−1)xy〈AxBy〉
≤−qB
∑
x
(sBxD
B
x )
2+
[∑
x
(sBxD
B
x )
2
] 1
2 ≤ 1
4qB
.(11)
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FIG. 1: Uniquely determined geometry of real vectors. ~F0,
~B0, ~F1, and ~B1 ( ~E0, ~A0, ~E1, and ~A1) lie in the B-plane (A-
plane), and ~Fx ( ~Ey) directs the projections of ~Ax ( ~By) to the
B-plane (A-plane), respectively. The two planes intersect at
the angle of π/2−2χ, with ~ψ′ being a common vector. The
angle between ~ψ′ and ~Bx (~Fx) is denoted by θ
B
x (φ
B
x ), and
that between ~ψ′ and ~Ay ( ~Ey) is denoted by θ
A
y (φ
A
y ). As Eq.
(1) is saturated by scaled correlators,
∏
xy
sin(φBx −θ
B
y ) ≤ 0
and
∏
xy
sin(φAy −θ
A
x )≤ 0 in this geometry [23]. We assume,
without loss of generality, 0≤χ≤π/4 throughout this paper.
The same holds for BA by using uAyx=(−1)xyV Ayx/sAy .
It is convenient to introduce another convex set, which
is enclosed by Eqs. (8) and (9). As Eq. (11) holds when-
ever the first inequality due to the cryptographic quan-
tum bound holds, the behaviors in this set are those satis-
fying the TLM inequality Eq. (1) for both scaled correla-
tors C˜xy=Cxy/
√
δBx and C˜xy=Cxy/
√
δAy [32] [together
with the obvious constraint of C2xy ≤ δBx , δAy ≤ 1]. This
convex set, denoted by Qcrypt, is a superset of QD.
Let us now search for the extremal points of QD. It
is known that each extremal point of QC has a two-
qubit realization [5, 36]. This is due to the fact that A0
and A1 (B0 and B1 as well) are simultaneously block-
diagonalized by appropriate local bases with the block
size of at most 2 [36]. However, this cannot be applied
to the case of QD due to the convexity of D2 as in Eq.
(7). Fortunately, however, we have the following:
Lemma 2. A behavior in QD, which simultaneously
saturates the Bell inequalities Eqs. (8) and (9), has a
two-qubit realization.
Proof: As the maximization in DBx is rewritten by us-
ing the Lagrange multiplier l as DBx =max[〈ψ|AxXB|ψ〉−
4l(〈ψ|X2B|ψ〉−1)], any realization must satisfy
trAAx|ψ〉〈ψ| = D
B
x
2
trA(Fx|ψ〉〈ψ|+ |ψ〉〈ψ|Fx), (12)
where Fx is an optimal operator attaining the maximum.
Let ~ψ, ~Ax, ~By, and ~Fx be the real-vector representation
for |ψ〉, Ax|ψ〉, By|ψ〉, and Fx|ψ〉, respectively, which are
all unit vectors. Then, Eq. (12) implies
~Ax · ~Fx=DBx , ~Ax · ~By=DBx ~Fx · ~By, ~Ax · ~ψ=DBx ~Fx · ~ψ.
(13)
On the other hand, the saturation of Eq. (8) implies that
Eq. (1) is saturated for C˜xy≡ ~Ax · ~By/DBx = ~Fx · ~By, which
ensures that four real vectors ~B0, ~B1, ~F0, and ~F1 lie in
the same B-plane [19] as shown in Fig. 1. Similarly, the
saturation of Eq. (9) implies that four real vectors ~A0, ~A1,
~E0, and ~E1 lie in the same A-plane, where ~Ey is the real
vector optimizing DAy . However, as a high-dimensional
vector space is considered, the relationship between the
two planes has not been determined yet.
Suppose that ~A0 6=± ~A1 and ~B0 6=± ~B1. Let the pro-
jection of ~ψ to the A-plane (B-plane) be ~ψA (~ψB). More-
over, let the projection of ~ψB to the A-plane be ~ψBA.
From the laws of sines and cosines, |~ψBA|2 is given by
( ~A0 · ~ψB)2 + ( ~A1 · ~ψB)2 − 2( ~A0 · ~ψB)( ~A1 · ~ψB) cos∆
sin2 ∆
,
(14)
where ∆ is the angle between ~A0 and ~A1. As
~Ax· ~ψB = DBx ~Fx · ~ψB = DBx ~Fx · ~ψ = ~Ax · ~ψ = ~Ax· ~ψA, (15)
from Eq. (13), we have |~ψBA|= |~ψA|. Similarly, we have
|~ψAB|= |~ψB |. This implies that the two planes intersect
with ~ψ′ ≡ ~ψA = ~ψB being a common vector as shown in
Fig. 1. The two-qubit realization of Eq. (5) can realize
the same geometry of real vectors.
When ~A0 = ± ~A1, ~Ax and ~By lie in a 3-dimensional
subspace. Moreover, the saturation of Eq. (1) for scaled
correlators occurs only when ~A0 coincides with ± ~E0 or
± ~E1, and ~F0 coincides with ± ~B0 or ± ~B1. The behavior
in the D-space realized by such a simple geometry can
be realized by Eq. (5). Similarly, when ~B0=± ~B1. 
As such a behavior saturates Eq. (1) for scaled corre-
lators, it is located at a boundary of Qcrypt. Conversely,
a boundary behavior of Qcrypt generally does not have
a realization with the geometry of Fig. 1 and cannot be
realized by quantum mechanics; hence,
Lemma 3. QD is a strict subset of Qcrypt.
Moreover, from the uniqueness of the behavior shown
in Appendix B, we have
Lemma 4. The geometry of a realization, which si-
multaneously saturates the Bell inequalities Eqs. (8) and
(9), is generally unique up to obvious symmetries; hence
such a behavior is an extremal point of QD.
The uniqueness relies on the fact that the four equa-
tions in Eq. (B6) are generally independent, which can
be easily checked for a set of coefficients of two given Bell
inequalities. Note, however, that the uniqueness is not
necessarily required for the extremality of QD; multiple
behaviors of the solutions of Eq. (B6) can be extremal
when the behaviors are linearly independent.
In any case, for an extremal behavior of QD given by
Lemma 4, the geometry of real vectors is unique. Is such
a behavior self-testable? The answer is negative by two
reasons (apart from the problem of how D2 is determined
by experiments). The first is that |~ψ′| in Fig. 1 is undeter-
mined; |~ψ′| can be determined through 〈Ax〉= |~ψ′| cos θAx
or 〈By〉= |~ψ′| cos θBy , but these are unspecified in the D-
space. The second relates to the convexity of D2. As
shown in Appendix C, there exists an example in which
the correlationP, despite being an extremal point of QD,
may have two different realizations due to the strict con-
vexity of D2. However, in some cases, we can exclude
the possibility of such strict convexity, that is, the certi-
fiability of D2 as discussed in the next section.
IV. QUANTUM SET IN C-SPACE
From now on, let us investigate the properties of the
quantum set QC in the standard C-space. To begin with,
let us see what the extremality of QD implies for the be-
havior {CAx , CBy , Cxy} in the C-space. Suppose that Con-
jecture 2 holds true. As Eq. (1) is saturated for scaled
correlators, D2 is also lower bounded by dBx and d
A
y [23];
hence D2 is certifiable, and we have (DBx )
2 = dBx and
(DAy )
2=dAy . This correlation, denoted by p, is then found
to be an extremal point of QD by Lemma 4. When a re-
alization of p is decomposed into two-qubit realizations
of pi, based on the block-diagonalization [36], D
2 must
not be strictly convex; otherwise we would construct a
realization whose D2 exceeds the device-independent up-
per bound by using orthogonal bases. Moreover, be-
cause the correlation p is an extremal point of QD, all pi
must exhibit the same behavior {dBx , dAy , Cxy} in the D-
space. Then, the geometry of the two-qubit realization
is uniquely determined up to the obvious symmetry by
Lemma 4. The symmetry leaves the ambiguity between
{CAx , CBy } and {−CAx ,−CBy }, but the latter is clearly in-
appropriate. In this way, the extremality of QD, com-
bined with the certifiability of D2, makes the realization
unique; hence,
Lemma 5. If Conjecture 2 holds true, the realization
of such a behavior is generally self-testable (and hence
the behavior is an extremal point of QC).
Here, “generally” means that the above lemma relies
on the independence of Eq. (B6) through Lemma 4, which
concerns with the geometry of realizations in the case of
the D-space. In the case of the C-space, we have the
following:
Lemma 6. For a nonlocal behavior {CAx , CBy , Cxy},
which satisfies Eq. (3) (not necessarily as S+00 = S
+
01 =
S+10=S
+
11) and saturates Eq. (1) for both C˜xy=Cxy/
√
dBx
5X’B|ψ〉
−2χpi
 2
2χ
X’A|ψ〉
X’AZ’A|ψ〉
X’BZ’B|ψ〉
2χ
+2χpi
 2
B-plane
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ne
FIG. 2: Four state vectors lie in the same plane, and XB |ψ〉
and XAZA|ψ〉 are orthogonal, which also implies that ZA|ψ〉
and XAXB |ψ〉 are orthogonal because 〈ψ|XBXAZA|ψ〉=0.
and C˜xy = Cxy/
√
dAy , the geometry of the realization is
unique up to obvious symmetries.
The unique geometry is the same as Fig. 1, but |ψ′|
is now determined to cos 2χ as in the two-qubit realiza-
tions of Eq. (5). The proof is given in Appendix D. The
difference from the proof of Lemma 2 is that dBx and d
A
y
by Eq. (4) are not ensured to coincide with DBx and D
A
y ,
and we cannot use Eq. (12). For the same reason, ~Fx and
~Ey in Fig. 1 are now not ensured to attain D
B
x and D
A
y ;√
dBx ~Fx is merely the projection of ~Ax to the B-plane.
In this way, the geometry is uniquely determined for
not necessarily S+00 = S
+
01 = S
+
10 = S
+
11. However, this
uniqueness does not ensure the extremality of QC . This
is in contrast to Lemma 4, where Bell inequalities are
maximized by a unique geometry, and the extremality
of QD is ensured. Indeed, the nonlocal correlation P in
Appendix C, where S+00 = S
+
01 = S
+
10 = S
−
11, is an explicit
counter example for extremality. Interestingly, P is lo-
cated in the strict interior of the quantum set, accord-
ing to the 1+AB level of the NPA hierarchy [37]. This
also implies that, even though |ψ′| = cos 2χ is ensured
to be the same as the two-bit realizations, the unique-
ness is still insufficient for self-testing. The condition
S+00 = S
+
01 = S
+
10 = S
+
11 is crucial, apart from the unique
determination of the geometry, for making the realization
self-testable through the certification of D2, as shown by
Lemma 5.
Moreover, we can see a much stronger connection be-
tween self-testability and the D2 quantity as follows:
Lemma 7. For a nonlocal behavior {CAx , CBy , Cxy}
that satisfies the conditions of Lemma 6, the realization
is self-testable, if and only if the operator corresponding
to one of ~Fx and ~Ey, which does not coincide with either
± ~Ax or ± ~By, is a local unitary observable.
Proof: As the geometry is uniquely determined as Fig.
1 by Lemma 6, the “only if” part is obvious: when the
realization is self-testable, it is a two-bit realization of Eq.
(5), where Fx and Ey are local and unitary (F
2
x =E
2
y=I).
Let us prove the “if” part. Hereafter, we use the notation
of Eq. (B1). For the operator ZB defined by
ZB|ψ〉 = sin θ
B
0 B1|ψ〉 − sin θB1 B0|ψ〉
sin∆θB
, (16)
we have 〈ψ|Z2B |ψ〉=1 as ~B0 · ~B1=cos∆θB, and similarly
for ZA. We then have ZB|ψ〉= 1cos 2χ |ψ′〉= ZA|ψ〉 from
the geometry of Fig. 1. Suppose now that ~F0 satisfies the
conditions of Lemma 7, i.e. ~F0 is the real vector of F0|ψ〉
with F0 being Bob’s local unitary observable (F
2
0 = I).
As ~F0 lies in the B-plane,
F0|ψ〉 =
sinφB0 By|ψ〉 − sin∆B0yZB|ψ〉
sin θBy
, (17)
for y = 0, 1. Moreover, as F0 commutes with ZA and
F 20 =I, we have 〈ψ|F0ZAZAF0|ψ〉=〈ψ|Z2A|ψ〉=1 and
sin2 θBy =sin
2 φB0 + sin
2∆B0y〈ψ|Z4B|ψ〉
−2 sinφB0 sin∆B0y〈ψ|Z3BBy|ψ〉. (18)
From this and Eq. (16), we have 〈ψ|Z4B|ψ〉 = 1; hence
Z2B|ψ〉 is a unit vector. As 〈ψ|Z2B|ψ〉=1, we have Z2B|ψ〉=
|ψ〉, which proves the anti-commutation relation of
(B0B1 +B1B0)|ψ〉 = 2 cos∆θB|ψ〉. (19)
As Z2A|ψ〉=Z2B|ψ〉= |ψ〉, the anti-commutation relation
between A0 and A1 is also proved. Let us then define Z
′
B
and X ′B (Z
′
A and X
′
A as well) by
Z ′B=
sin θB0 B1 − sin θB1 B0
sin∆θB
, X ′B=
cos θB0 B1 − cos θB1 B0
sin∆θB
.
(20)
With the anti-commutation relations, we can confirm
(X ′B)
2|ψ〉 = (X ′A)2|ψ〉 = |ψ〉 and (X ′BZ ′B+Z ′BX ′B)|ψ〉 =
(X ′AZ
′
A+Z
′
AX
′
A)|ψ〉=0. However, |ψ〉 has not been de-
termined yet. From Eq. (D4), we have
〈ψ|Z ′AX ′AX ′BZ ′B|ψ〉=−〈ψ|Z ′AX ′AZ ′BX ′B|ψ〉
=−〈ψ|X ′AX ′B|ψ〉 = − sin 2χ,
〈ψ|X ′AX ′AZ ′A|ψ〉=〈ψ|X ′BX ′BZ ′B|ψ〉 = cos 2χ. (21)
This implies that the four state vectors (not in the real-
vector representation) of X ′AZ
′
A|ψ〉, X ′A|ψ〉, X ′B|ψ〉, and
X ′BZ
′
B|ψ〉 lie in the same plane in a complex vector space,
as shown in Fig. 2. Moreover, this figure shows that
〈ψ|X ′BX ′AZ ′A|ψ〉=0; hence Z ′A|ψ〉 and X ′AX ′B|ψ〉 are or-
thogonal to each other. As the components of |ψ〉 to
these orthogonal vectors are given by 〈ψ|Z ′A|ψ〉=cos 2χ
and 〈ψ|X ′AX ′B|ψ〉=sinχ, we can conclude
|ψ〉 = sin 2χX ′AX ′B|ψ〉+ cos 2χZ ′A|ψ〉. (22)
By operating X ′AX
′
B on both sides, we have
sin 2χX ′AX
′
BZ
′
A|ψ〉=
sin 2χX ′AX
′
B|ψ〉 − sin2 2χ|ψ〉
cos 2χ
=cos 2χ|ψ〉 − Z ′A|ψ〉, (23)
6|0〉
Z’B
Z’A
X’B
X’A
HH
H H|0〉
|ψ〉
ΦA
ΦB
FIG. 3: Local unitary transformation used for self-testing.
and cosχX ′AX
′
B(I−Z ′A)|ψ〉=sinχ(I+Z ′A)|ψ〉. Then, the
local unitary transformation Φ≡ΦA ⊗ ΦB [3] commonly
used for self-testing shown in Fig. 3 results in
Φ|ψ〉|00〉= 1
4
[
(I + Z ′A)(I + Z
′
B)|ψ〉|00〉
+XB(I + Z
′
A)(I − Z ′B)|ψ〉|01〉
+XA(I − Z ′A)(I + Z ′B)|ψ〉|10〉
+XAXB(I − Z ′A)(I − Z ′B)|ψ〉|11〉
]
=
(I + Z ′A)|ψ〉
2 cosχ
(cosχ|00〉+ sinχ|11〉), (24)
and |ψ〉 is locally equivalent to cosχ|00〉+sinχ|11〉. Sim-
ilarly, we also have
ΦX ′AX
′
B|ψ〉|00〉 = |junk〉(cosχ|11〉+ sinχ|00〉), (25)
and so on, and measurements are also self-tested. 
For self-testability, the proof of the anti-commutation
relation between B0 and B1 [Eq. (19)] is crucial. How-
ever, to prove it, the third unitary observable, whose real
vector lies in the same B-plane, is necessary. In the un-
biased case where sin2 2χ = 1, the four vectors ~A0, ~A1,
~B0, ~B1 all lie in the same plane, and Ax can be used as
the third unitary observable [19]. However, in the other
general case of sin2 2χ < 1, ~A0 and ~A1 lie in a different
A-plane, and Ax cannot be used anymore. Instead, as
shown above, the optimal operator Fx for D
B
x possibly
becomes the third unitary observable to prove the anti-
commutation relation of By. Interestingly, in the special
case that ~F0= ~B0 and ~F1= ~B1, the candidate for the third
observable is missing in the B-plane, but the correlation
in this case is always local.
To prove self-testability, there must exist no other op-
timal operator than unitary for DBx , but it is certain that
an optimal unitary operator necessarily exists when D2
is certifiable. This is because DBx remains unchanged by
strengthening the constraint of 〈ψ|X2B|ψ〉=1 in Eq. (6)
to X2B=I, due to the lower bound by the already existing
two-qubit realization.
V. SCHEME FOR SELF-TESTING PARTIALLY
ENTANGLED STATE
As shown in the previous section, under the conjec-
tured certifiability of D2, the realizations are automat-
ically self-testable by Lemma 5; however, Conjecture 2
has not been proved. Fortunately, however, Lemma 7
tells us how to self-test such realizations; it suffices to in-
tentionally introduce a unitary observable by adding one
more binary measurement.
The simplest protocol may be to add the measurement
of ZB. Let us add a binary measurement to the Bell
scenario, such as the Bell (2, 3, 2)-scenario but on Bob’s
side only, whose observable is B2 (B
2
2 = I). Suppose
that the correlators by an original set {A0, A1, B0, B1}
satisfy the conditions in Lemma 6, and the geometry of
real vectors is determined as Fig. 1, where sin 2χ is also
determined. When the additional correlators satisfy
〈AxB2〉 = cos θAx = 〈Ax〉/ cos 2χ, 〈B2〉 = cos 2χ, (26)
for both x=0, 1, ~B2 is ensured to lie in the A-plane and
directs ~ψ′. Then, in this protocol, B2|ψ〉=ZB |ψ〉=ZA|ψ〉
can be directly used for proving the anti-commutation
relation of By (Ax also) as in the proof of Lemma 7.
The additional measurement is not restricted to ZB.
In the second protocol, suppose that the correlators by
{A0, A1, B0, B2} also satisfy the conditions in Lemma 6,
in addition to the original {A0, A1, B0, B1}. Then, as ~ψ′,
~B0, ~B2 lie in the same plane, ~B2 is ensured to lie in the B-
plane, and again, B2 can be used as the third observable
for proving the anti-commutation relation between B0
and B1; the proof of Lemma 7 runs similarly, and the
realization is self-tested.
Note that B2 is also self-tested at the end of both pro-
tocols. Obviously, the scheme of the second protocol can
be repeated to add more measurements on both sides of
Alice and Bob. In this way, by using the geometry of Fig.
1 as a building block, the two-qubit realizations in the
form of Eq. (5) with arbitrary number of measurements
(whose basis lies in the X-Z plane) can be self-tested.
VI. SUMMARY
As we showed in this paper, guessing probabilities of
distant measurement outcomes and its certifiability play
important roles for extremality and self-testability. The
important thing is that the condition for the unique de-
termination of the geometry of a realization is strictly
looser than the condition for the self-testability.
We first showed that the saturation of the TLM in-
equality for scaled correlators, together with the exis-
tence of a two-qubit realization in the form of Eq. (5),
uniquely determines the geometry of state vectors in both
cases of the D-space and the C-space (Lemma 4 and
Lemma 6). The certifiability condition is irrelevant for
7the determination. The uniqueness of the geometry gen-
erally ensures the extremality of QD, because it uniquely
maximizes two Bell inequalities in the D-space. In the
case of the C-space, however, such Bell inequalities are
lacking, and the uniqueness of the geometry is insuffi-
cient for the extremality of QC . Indeed, there exists
a two-qubit realization such that, despite being an ex-
tremal point of QD, it is not an extremal point of QC
due to the convexity of guessing probabilities. This sug-
gests that the structure of QD is simpler than QC . The
complete characterization of the extremal points of QD
is an intriguing open problem.
We next showed that, when the certifiability holds,
the self-testability in the C-space (hence the extremal-
ity of QC) comes to be ensured by the extremality of QD
(Lemma 5). Namely, the sufficiency of the extremality
criterion conjectured in [23] was shown to rely on the cer-
tifiability of guessing probabilities. The proof of the cer-
tifiability (i.e., the proof of the device-independent upper
bound of guessing probabilities) seems quite challenging
but attractive, because it would also lead to the discov-
ery of the information principles [2, 38] behind quantum
mechanics, and “almost quantumness” [39] as well.
Moreover, the realization with a unique geometry be-
comes self-testable only when the optimal observables
for guessing probabilities can be used to prove anti-
commutation relation (Lemma 7). Applying this result,
we proposed self-testing protocols for partially entan-
gled states, where one more measurement is intention-
ally added to prove the anti-commutation relation. This
geometrical scheme provides a building block used for a
more complicated geometry. Indeed, repeatedly adding
measurements by this scheme, a realization with an ar-
bitrary number of measurements can be self-tested. It is
an open problem of how robust this scheme is.
As all the known nonlocal extremal points in the sim-
plest Bell scenario are self-testable, it is natural to expect
that the true extremal criterion must be the one that
determines the geometry of state vectors as well as the
TLM criterion. The conjectured criterion in [23] fulfills
this expectation, and already found an application.
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Appendix A: Convexity of D2
Let ρa|x be Bob’s subnormalized conditional state. For
any convex decomposition ρa|x=
∑
i λiρ
(i)
a|x, we have
DBx =max
XB
tr(ρ1|x−ρ−1|x)XB
=max
XB
∑
i
λitr(ρ
(i)
1|x−ρ
(i)
−1|x)XB
=max
XB
∑
i
λitr[(ρ
(i)
1|x−ρ
(i)
−1|x)⊗(|i〉〈i|)a](XB⊗Ia)
≤max
XBa
∑
i
λitr[(ρ
(i)
1|x−ρ
(i)
−1|x)⊗ (|i〉〈i|)a]XBa
=
[∑
i
λi
[
max
X
(i)
B
tr(ρ
(i)
1|x−ρ
(i)
−1|x)X
(i)
B
]2]1/2
, (A1)
where a denotes the ancilla, and the formula in Appendix
A in [32] was used at the last equality. See also [33].
Appendix B: Uniqueness of geometry I
First, we explicitly show how to construct a pair of the
Bell inequalities Eqs. (8) and (9) that is simultaneously
saturated by a given geometry of Fig. 1 (i.e. a given set
of the geometrical parameters {θAx , θBy , χ}). Hereafter,
we use the shortcut notations of
∆cxy ≡ φcx − θcy, ∆θc ≡ θc0 − θc1, ∆φc ≡ φc0 − φc1, (B1)
for both c = A,B. See Fig. 1 for the definition of φc0 and
φc1. The saturation condition for the first inequality in
Eq. (11) is that, for Xx ≡
∑
y u
B
xy(−1)xyBy,
Xx ∝ Fx = (sin∆
B
x1B0 − sin∆Bx0B1)
sin∆θB
,
(sB0 D
B
0 )
2〈X21 〉 = (sB1 DB1 )2〈X20 〉, (B2)
and the coefficients of the Bell inequalities must satisfy
uc00 sin∆
c
00 = −uc01 sin∆c01, uc10 sin∆c10 = uc11 sin∆c11,
(sc0D
c
0)
2| sin∆c01 sin∆c00| = (sc1Dc1)2| sin∆c11 sin∆c10|,
(sc0D
c
0)
2 + (sc1D
c
1)
2 =
1
4(qc)2
, (B3)
where the last equation is the saturation condition for
the second inequality of Eq. (11). It is then sufficient to
choose for both c = A,B as follows:
uc00 = a sin∆
c
01, u
c
01 = −a sin∆c00,
uc10 = b sin∆
c
11, u
c
11 = b sin∆
c
10,
sc0 = D
c
1a, s
c
1 = D
c
0b, 1/q
c = 2
√
(sc0D
c
0)
2 + (sc1D
c
1)
2,
a =
1
sin∆θc
√
sin∆c11 sin∆
c
10
sin∆c11 sin∆
c
10 − sin∆c01 sin∆c00
,
b =
1
sin∆θc
√
− sin∆c01 sin∆c00
sin∆c11 sin∆
c
10 − sin∆c01 sin∆c00
. (B4)
Next, let us show conversely that, for a given set of
such coefficients, where the existence of a solution is en-
sured, the geometrical parameters satisfying Eq. (B3) are
unique (up to obvious symmetries). Let αc≡uc01/uc00 and
βc≡uc10/uc11. Once we choose ∆θc, tan∆cxy is determined
8from Eq. (B3) as
tan∆c00 =
−αc sin∆θc
1 + αc cos∆θc
, tan∆c01 =
sin∆θc
cos∆θc + αc
,
tan∆c10 =
1
βc sin∆θ
c
1− 1βc cos∆θc
, tan∆c11 =
sin∆θc
cos∆θc − 1βc
,
and as a result, D2 is also determined by ∆θc as
(Dc0)
2=
1
4(sc0q
c)2
αc + 1αc + 2 cos∆θ
c
αc + 1αc + β
c + 1βc
,
(Dc1)
2=
1
4(sc1q
c)2
βc + 1βc − 2 cos∆θc
αc + 1αc + β
c + 1βc
. (B5)
For these solutions to represent the same realization,
〈AxBy〉2=DBx cos2∆Bxy=DAy cos2 ∆Ayx must hold for ev-
ery x and y; hence, the followings must hold
(1 + αA cos∆θA)2
(1 + αA cos ∆¯θA)2
=
(1 + αB cos∆θB)2
(1 + αB cos ∆¯θB)2
,
(cos∆θA + αA)2
(cos ∆¯θA + αA)2
=
(cos∆θB + αB)2
(cos ∆¯θB + αB)2
,
(1− 1βA cos∆θA)2
(1− 1βA cos ∆¯θA)2
=
(1− 1βB cos∆θB)2
(1− 1βB cos ∆¯θB)2
,
(cos∆θA − 1βA )2
(cos ∆¯θA − 1βA )2
=
(cos∆θB − 1βB )2
(cos ∆¯θB − 1βB )2
, (B6)
where the parameters of the original geometry used for
constructing the pair of the two Bell inequalities are in-
dicated by an overline, such as ∆¯θc. The four equations
in Eq. (B6) are generally independent and excessive to
determine ∆θA and ∆θB; hence we have ∆θB =±∆¯θB
and ∆θA =±∆¯θA as a trivial solution. As a result, re-
gardless of the signs, DBx and D
A
y must be the same as
those of the original realization. Considering the possi-
ble combination of the signs of ∆θA and ∆θB carefully
in terms of DB0 D
B
1 sin∆φ
B = sin 2χ sin∆θA, and so on,
it is found that the allowed solutions of Eq. (B3) are
only {θ¯Ax , θ¯By , χ¯}, {−θ¯Ax ,−θ¯By , χ¯}, {π−θ¯Ax , π−θ¯By , χ¯}, and
{π+θ¯Ax , π+θ¯By , χ¯}.
Appendix C: Example of strict convexity
Let us consider the two nonlocal correlations P and Q
realized by Eq. (5) using the following parameters:
P: θA0 =0, θ
A
1 =π/2, θ
B
0 =ǫ, θ
B
1 =−π/4, 2χ=π/6,
Q: θA0 =0, θ
A
1 =π/2, θ
B
0 =ǫ, θ
B
1 =−π/4, 2χ=π/4,
where ǫ is a small angle (0 < ǫ < π/40) to ensure the
independence of Eq. (B6). As P and Q saturate Eq. (1)
for scaled correlators, they are the extremal points ofQD.
Let us then consider L extrapolated from P and Q as
P = λQ+ (1− λ)L, (C1)
−0.5 00
0.5
−0.5 00
0.5
δ Β1
C11
C00=1
C01=1/√2
C10=0
δ Β0=δ
 Α
0=1
Q
P
L
Qcrypt
Q
P
L
C11
=−1/(2√2) for P
post-quantum
Qcrypt
post-quantum
=1/√2−1 for L
=−1/2 for Q
δ Α1
C11
FIG. 4: Two cross sections of the D-space, C11-δ
B
1 and C11-
δA1 , which contain P, Q, and L. The blue lines indicate the
boundaries of the Qcrypt. When P=λQ+(1−λ)L with λ=
1− 1√
2
(in the limit of ǫ→ 0), the behavior of L in the D-
space is not quantum realizable, whereas the behavior in the
C-space is locally realizable.
where λ is chosen such that C00+C01+C10−C11=2 at
L. Suppose that {CAx , CBy , Cxy} is extrapolated by Eq.
(C1). Because the behavior of L in the C-space satisfies
the positivity constraint p(ab|xy) ≥ 0, L is a local cor-
relation. This implies that P can also be realized by a
convex sum of Q and deterministic correlations, despite
that P is an extremal point of QD. On the other hand,
when {δBx , δAy , Cxy} is extrapolated by Eq. (C1), L is not
allowed in quantum mechanics as shown in Fig. 4. This
implies that D2 must be strictly convex for Eq. (C1).
Although it is unknown that this convex-sum realization
certainly realizes {δBx , δAy , Cxy} of P, even an extremal
point of QD may be realized as a convex sum due to the
convexity of D2. Interestingly, as {CAx , CBy , Cxy} of P in
the C-space is realized by Eq. (C1), P is not an extremal
point of QC , despite being an extremal point of QD.
Appendix D: Uniqueness of geometry II
As a nonlocal behavior is considered, the measurement
operators in the realization satisfy A0 6=±A1 and B0 6=
±B1 [40]. As sin2 2χ=Spxyxy , sin2 2χ is a solution of
(〈AxBy〉−〈Ax〉〈By〉
cos2 2χ
)2 = sin2 2χ(1− 〈Ax〉
2
cos2 2χ
)(1− 〈By〉
2
cos2 2χ
),
and 〈AxBy〉 is equal to either one of
〈Ax〉〈By〉
cos2 2χ
± sin 2χ
√
1− 〈Ax〉
2
cos2 2χ
√
1− 〈By〉
2
cos2 2χ
. (D1)
Let us introduce θAx and θ
B
y by
〈Ax〉 = cos 2χ cos θAx , 〈By〉 = cos 2χ cos θBy . (D2)
Under this parameterization,
dBx = cos
2 2χ cos2 θAx + sin
2 2χ.
9As H≥0, the double sign of the second term in Eq. (D1)
can be negative for even pairs among the four possible
(x, y), and hence, by adjusting the sign of sin θAx and
sin θBy , 〈AxBy〉 is always written as
〈AxBy〉 = cos θAx cos θBy + sin θAx sin θBy sin 2χ. (D4)
Let us then consider the real-vector representation. Be-
cause the scaled correlators saturate Eq. (1), there exists
real unit vectors ~Fx and ~Ey such that
~Ax · ~By =
√
dBx
~Fx · ~By, ~Ax · ~By =
√
dAy
~Ex · ~Ax, (D5)
and ~Fx and ~By ( ~Ey and ~Ax) are ensured to lie in the
same B-plane (A-plane) [19]. However, the relationship
between the two planes has not been determined yet.
Clearly,
√
dBx is the length of the projection of ~Ax to
the B-plane, and from the laws of sines and cosines,
dBx =
( ~Ax · ~B0)2 + ( ~Ax · ~B1)2 − 2( ~Ax · ~B0)( ~Ax · ~B1) cos∆
sin2∆
,
(D6)
must hold, where ∆ is the angle between ~B0 and ~B1 (not
yet determined). From Eq. (D3) and (D4), we then have[
cos∆− cos∆θB][ cos∆− cos(2φBx − θB0 − θB1 )] = 0,
(D7)
where we introduced φBx by
~Ax · ~By=
√
dBx cos(φ
B
x − θBy ).
As this must hold for both x=0, 1, the solution of cos∆=
cos(2φBx −θB0 −θB1 ) is inappropriate unless the two-planes
are perpendicular (and the correlation is local). We then
have ~B0 · ~B1=cos∆=cos∆θB. Let the projector of ~ψ to
the B-plane be ~ψB. As ~ψ · ~By=〈By〉,
|~ψB |2 = 〈B0〉
2 + 〈B1〉2 − 2〈B0〉〈B1〉 cos∆θB
sin2 ∆θB
= cos2 2χ,
(D8)
and hence we know from Eq. (D2) that the angle between
~ψB and ~By is θ
B
y . As
~ψB lies in the B-plane,
~ψB = cos 2χ
sin θB0
~B1 − sin θB1 ~B0
sin∆θB
, (D9)
and from Eq. (D4) we have ~Ax · ~ψB=cos 2χ cos θAx , which
implies that the angle between ~Ax and ~ψB is θ
A
x . From
the same argument as above, we have ~A0 · ~A1=cos∆θA,
which implies that ~A0, ~A1, and ~ψB lie in the same plane.
Similarly, we know that ~B0, ~B1, and ~ψA lie in the same
plane. After all, the geometry of real vectors is deter-
mined as Fig. 1 with |ψ′|=cos 2χ. The obvious symme-
try is {θAx , θBy , χ} and {−θAx ,−θBy , χ}, which arises from
the ambiguity in adjusting the sign of sin θAx and sin θ
B
y .
In this way, without any assumption, the geometry
is determined; hence it is unique. In the special case
where S+00 = S
+
01 = S
+
10 = S
+
11 and S
−
00 = S
−
01 = S
−
10 = S
−
11,
there seem to exist two possible choices for sin2 2χ. How-
ever, as this contradicts the uniqueness of the geometry,
some conditions are not satisfied for either choice. For
example, the correlation of the Tsirelson bound, where
CAx = C
B
y = 0 and Cxy = (−1)xy/
√
2, we also have
S−00=S
−
01=S
−
10=S
−
11=1/2, but H<0 for this choice.
[1] J. Bell, Physics 1, 195 (1964).
[2] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[3] V. Scarani, Acta Physica Slovaca 62, 347 (2012).
[4] I. S˘upic´ and J. Bowles, arXiv:1904.10042.
[5] B. S. Cirel’son, Lett. Math. Phys. 4, 93 (1980).
[6] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Phys. Rev. Lett. 23, 880 (1969).
[7] D. Mayers and A. Yao, Quant. Inf. Comput. 4, 273
(2004).
[8] K. T. Goh, J. m. k. Kaniewski, E. Wolfe, T. Ve´rtesi,
X. Wu, Y. Cai, Y.-C. Liang, and V. Scarani, Phys. Rev.
A 97, 022104 (2018).
[9] Y.-C. Liang, T. Ve´rtesi, and N. Brunner, Phys. Rev. A
83, 022108 (2011).
[10] A. Ac´ın, S. Massar, and S. Pironio, Phys. Rev. Lett. 108,
100402 (2012).
[11] R. Ramanathan, D. Goyeneche, S. Muhammad,
P. Mironowicz, M. Grunfeld, M. Bourennane, and
P. Horodecki, Nat. Comm. 9, 4244 (2018).
[12] F. Baccari, R. Augusiak, I. S˘upia´, J. Tura, and A. A. ı´,
arXiv:1812.10428.
[13] S. Wagner, J.-D. Bancal, N. Sangouard, and P. Sekatski,
arXiv:1812.02628.
[14] T. H. Yang and M. Navascue´s, Phys. Rev. A 87, 050102
(2013).
[15] C. Bamps and S. Pironio, Phys. Rev. A 91, 052111
(2015).
[16] R. Rabelo, L. Y. Zhi, and V. Scarani, Phys. Rev. Lett.
109, 180401 (2012).
[17] A. Coladangelo, K. T. Goh, and V. Scarani, Nat. Comm.
8, 15485 (2017).
[18] E. Woodhead, J. Kaniewski, B. Bourdoncle,
A. Salavrakos, J. Bowles, R. Augusiak, and A. Ac´ın,
arXiv:1901.06912.
[19] Y. Wang, X. Wu, and V. Scarani, New J. Phys. 18,
025021 (2016).
[20] B. S. Tsirelson, J. Sov. Math. 36, 557 (1987).
[21] L. J. Landau, Found. Phys. 18, 449 (1988).
[22] L. Masanes, arXiv:quant-ph/0309137.
[23] S. Ishizaka, Phys. Rev. A 97, 050102R (2018).
[24] E. Wolfe and S. F. Yelin, Phys. Rev. A 86, 012123 (2012).
[25] J. M. Donohue and E. Wolfe, Phys. Rev. A 92, 062120
(2015).
[26] K. T. Goh, J.-D. Bancal, and V. Scarani, New Journal
of Physics 18, 045022 (2016).
[27] A. Rai, C. Duarte, S. Brito, and R. Chaves, Phys. Rev.
A 99, 032106 (2019).
[28] V. Pozsgay, F. Hirsch, C. Branciard, and N. Brunner,
10
Phys. Rev. A 96, 062128 (2017).
[29] N. J. Cerf and C. Adami, Phys. Rev. A 55, 3371 (1997).
[30] A. Ac´ın, N. Gisin, and B. Toner, Phys. Rev. A 73, 062105
(2006).
[31] T. Ve´rtesi and K. F. Pa´l, Phys. Rev. A 77, 042106 (2008).
[32] S. Ishizaka, Phys. Rev. A 95, 022108 (2017).
[33] S. Ishizaka, Phys. Rev. A 97, 039902E (2018).
[34] M. Navascue´s, S. Pironio, and A. Ac´ın, Phys. Rev. Lett.
98, 010401 (2007).
[35] M. Navascue´s, S. Pironio, and A. Ac´ın, New J. Phys. 10,
073013 (2008).
[36] L. Masanes, Phys. Rev. Lett. 97, 050503 (2006).
[37] H. Ozeki and S. Ishizaka, in preparation.
[38] G. Chiribella and R. W. Spekkens, eds., Quantum The-
ory: Informational Foundations and Foils (Springer,
Dordrecht Heidelberg New York London, 2016).
[39] M. Navascue´s, Y. Guryanova, M. J. Hoban, and A. Acin,
Nat. Commun. 6, 6288 (2015).
[40] A. Fine, Phys. Rev. Lett. 48, 291 (1982).
